We study the progress towards equilibrium of the frequencies of sex-linked genes in elementary discrete time models of age-structured, overlapping generation populations. It is found that, if a finite upper age limit is assumed, the difference in the frequencies of an allele in males and females will oscillate as in the familiar non-overlapping generation models, although the oscillations may be irregular. Monotonic convergence of that difference, as found by Nagylaki (1975) in continuous-time overlapping generation models without age-structure, occurs in the models considered here only when there is no upper age limit and when there is "sufficient" overlap of generations.
INTRODUCTION
WHEN the frequencies of a gene at a sex-linked locus differ between the males and females of a population, there is gradual progress towards equilibrium between the frequencies in the sexes, in contrast to the case of an autosomal locus in which equilibrium is reached after only one generation of random mating. A familiar result is that, for discrete time, non-overlapping generation populations with random mating and no selection, the difference in the female and male frequencies of a sex-linked gene in generation t + 1 is minus one-half times the same difference in generation t (Kempthorne, 1969, pp. 30-34, or Crow and Kimura, 1970, pp. 44-47) . Thus, the difference oscillates between positive and negative values, and its magnitude is halved in each generation. Recently, however, Nagylaki (1975) found, in a continuous-time model with overlapping generations but without agestructure, that the same difference approaches zero as ect and therefore does not oscillate, but approaches zero monotonically. We explore here, in the context of elementary age-structured populations, the distinctions that lead to oscillating or monotonic convergence of this parameter. In our examples, it will be seen that overlapping generations may interrupt the strictly lockstep oscillations between positive and negative values of this parameter, but that, with the assumption of finite maximum age at death, irregular but almost periodic oscillations will persist. Monotonic convergence seems, at least in our models, to be associated with overlapping generation populations in which there is no upper bound on the length of life of individuals in the population. in a population with age groups x = 0, 1, ..., k (possibly k ) and a single life table 1(x), x = 0, 1, ..., k for all genotypes in both sexes. For any sex-genotype category, 1(x) is the proportion of individuals of that category in age group 0 at time t -x that survive to age x at time t (implying that 1(0) = 1). Assume that the population is constant in size and in age distribution in both sexes so that, in either sex, with
the proportion of individuals of age x at any time is 1(x)/A. (Allowance could be made for regular geometric growth of the population with growth rate y by computing the age distribution with an adjusted function = 1(x)y (see, for example, Leslie (1945) ), but constant population size is sufficient for the present study.) Generally, assume that every parameter is constant in time except the frequencies p(t, x) and p'(t, x) of the A1 gene among males (the heterogametic sex) and females (the homogametic sex), respectively, in age group x at time t. Assume that the fertile period for both males and females is from age i to age j, and assume equally fecund random matings between fertile males and fertile females. Let L(t) be the vector (t)
Then we are interested in the progress in time of L(t) and particularly of the quantity
which is the difference of the frequencies of the gene in the female and male populations. Given (t), we compute t(t+ 1) as follows. Let
p'(t+ 1, x) =
Remarks. Note that although (1) and (2) were derived on the assumption of random mating between all fertile males and females, precisely the same equations would arise from the assumption that females of age x mated (randomly) only with males of age x. It can be seen that the oscillations in q(t) are induced by the factor -2B in the first component of (t) (associated with the difference in gene frequencies between newborn females and males) and that the remaining components of (t + 1) (the older age groups) provide a potential reservoir of stability that may counter the induced oscillations.
Because there is a single life table for all sex-genotype categories, it follows that, for all values of t and x with t x, p(t, x) = p(t-x, 0) and p'(t, x) = p'(t-x, 0).
We introduce the function
x0
and inspection of the first component of (t+ 1) in (3) leads to
MODELS WITH FINITE UPPER AGE LIMIT
For k finite, we consider first the two extreme cases for choices of i and j (i = j and i = 0, j = k) for which simple arguments establish that q(t) periodically changes sign, and then show that in the general case, with only a slight restriction on 1(x), q(t) will be asymptotic to a periodically oscillating function.
Case i = j. This case is similar to a non-overlapping generation model (or more accurately, a collection of i + I disjoint, non-overlapping generation populations), and the result is the same. From (6) and (5) y(t+1) = (-)y(t-i), t = 0, 1, 2,
= ---q(t), for t k.
Case i = 0, j = k. Inspection of (6) and (5) yields (note that A = B)
It is clear from (7) that if)(t) is positive (negative) for k+ 1 successive values y(t0-k), y(t0-lc+l), ..., y(t0), then the next value, y(t0+1), is negative (positive), so thaty(t) has both positive and negative values in every time interval of length k + 2. From (8), q(t) similarly has both positive and negative values in every interval of length k + 2.
General case. With no restrictions on i andj, we think of (6) as a difference equation with characteristic polynomial --l(x).' = 0, (9) which has roots , A, ..., j, listed in decreasing order of magnitude. For simplicity of discussion, we assume that (9) has no multiple roots. Then the solution to (6) will be y(t)=c04+c1)+...+c2, t -j, where the constants c0, c1, ..., c5 are determined byy( -j), y(O), which reflect the differences of the frequencies of the A1 allele among females and males in the founder population. Then, for
Because the coefficients of (9) are positive, (9) has no positive or zero roots.
The magnitudes of the roots of a polynomial + a1z! +... + a-1z+ a0 are either less than I or less than or equal to I. In (9), the sum of the corresponding coefficients is , so all of the roots of (9) are less than one in magnitude (implying that q(t)-÷0 as t-÷cc). We assume a minor restriction on 1(x), x = 0, 1, ..., k and the founding population that Ec 0, and either (A) A0 is negative and I A0 I> I A I (B) A is complex, A1 is the conjugate of A0 and A0 I A1 I> I A2 I.
and q(t) is asymptotic to IJA which changes algebraic sign in every time interval of length one.
If(B), assume that A0 = ye°, 0>0. IfO<ir/(j+l), with A = A0 in (9) the terms of the LHS have positive complex parts and cannot sum to zero; hence 0 ir/(j+ 1). There are real numbers a and b such that q(t) = è+è4+ z2
In this case q(t) is asymptotic to a function that changes sign in every time interval of length ir/0, and it/B (j + l•
AN EXAMPLE WITH NO UPPER AGE LIMIT
We consider the discrete model that most nearly corresponds to the continuous model of Nagylaki (1975) . Let 1(x) =c, where 0<cc<1 i=0, and j=k-_cx.
The assumption is that, of the individuals of any sex-genotype category alive in age group x at time t, the fraction a of them survive to age group x + 1 at time t+ 1, that there is no upper bound on the age of an individual, and that matings occur in all age groups. The quantities A and B are calculated Because 0< cc <1, -1< -(3cc-1) <1 so that q(t) converges to zero, as is expected, and the type of convergence is distinguished by two conditions.
(i) If 0 < cc < -, (3cc -1) is negative, and q(t) oscillates between positive and negative in each time interval as it approaches zero.
(ii) If < cc< 1, -(3cc-I) is positive, and q(t) converges monotonically to zero.
A small value of cc is associated with little overlapping of generations (the proportion of the total population in age group zero is I -cc, and the proportion in all other age groups is cc). In the extreme case of cc 0, there is no overlap of generations, and the standard result q(t + I) -q(t) of discrete time non-overlapping generations is obtained. If one were to use this model for a natural population with truly overlapping generations and the parameter cc were less than , a better model might be obtained if the time interval were reduced (halved, for instance) and cc were replaced by a larger quantity (Jcc in this instance). As the time interval approaches zero, cc approaches 1, and the discrete model approaches a continuous model with death rate d = lim (1 -cc)/tt, and in which q(t) will approach zero monotonically with time.
Discussioi'
We believe that the preceding examples illustrate the importance of incorporating age structure in overlapping generation models and provide a way of understanding the distinction between oscillating and monotone convergence of q(t) to equilibrium. In all of the examples with finite upper age d at death, q(t) eventually oscillates between positive and negative values with a period that does not exceed d. The models are discrete-time models, but the same result is obtained for the continuous-time analog to (5) and (6) by using theorems of Lotka and Feller on the renewal equation (as contained in Chapter 7 of Bellman and Cooke (1963) ). We conjecture that, in natural populations, because there will be finite upper age limits, the quantity q(t) will oscillate with time, although the oscillations may be irregular and difficult to perceive.
